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Abstract 
 
Stationary bound states of elementary spin ½ particles that do not decay with time are 
obtained for a Schwarzschild gravitational field using a self-conjugate Hamiltonian with a flat 
scalar product at small values of gravitational coupling constant. 
In order to obtain a discrete energy spectrum, we introduce a boundary condition such 
that the azimuthal current density of Dirac particles on the “event horizon” is zero. 
The results can lead to revisiting some concepts of the standard cosmological model 
related to the evolution of the universe and interaction of collapsars with surrounding matter. 
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The classical Schwarzschild solution is characterized by a point spherically symmetrical 
source of gravitational field of mass M  and "event horizon” (gravitational radius). 
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In (1),  is the gravitational constant, and  is the speed of light. For a particle of mass , the 
dimensionless gravitational coupling constant equals 
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In (2),   is the Planck constant, 52.2 10p cm G
    gram is the Planck mass, and cl mc
  is 
the Compton wavelength. 
 For an electron, 1   corresponds to 150,5 10M kg  . The value of the coupling 
constant corresponding to a source having the mass of the Sun ( 302 10M M k   g ) for an 
electron-mass particle is . 1504 1  
 Despite the evident electromagnetic analogy in atomic physics, bound states of Dirac 
particles in the Schwarzschild field have been investigated comparatively scantily. For the 
gravitational case, there is a belief that bound states have complex energies. In this case, these 
states decay exponentially with time. The existence of resonant Schwarzschild states for massive 
scalar particles using the Klein-Gordon equation was discussed in [1]-[2]. The same problem for 
massive Dirac particles was discussed in [3]-[9]. In these papers, a hydrogen-like spectrum with 
relativistic corrections was obtained for 1   by direct solution of the Dirac equation in a weak 
Schwarzschild field for the real part of energy. 
 In papers [10]-[12], we develop a method for deriving self-conjugate Dirac Hamiltonians 
with a flat scalar product within the framework of pseudo-Hermitian quantum mechanics for 
arbitrary, including time dependent, gravitational fields. Apparently, such stationary 
Hamiltonians, if there are square integrable wave functions and if corresponding boundary 
conditions are specified, will provide existence of stationary bound states of Dirac particles with 
a real energy spectrum. We suppose that for these cases Hamiltonians are Hermitian 
(   , ,H H     ). 
 This paper is devoted to defining stationary bound states of a Dirac particle in a 
Schwarzschild field. 
 Below we will use the system of units 1G с   , signature 
  diag 1, 1, 1, 1      (3) 
and notations: 01 rf
r
  ;  0 , k , 1, 2,3k   are local 4x4 matrices in the Dirac-Pauli 
representation. 
 Then, the Schwarzschild metric in the  t ,r , ,   coordinates will take the form: 
 22 2 2 2 2sindrds f dt r d df 2       . (4) 
 The self-conjugate Hamiltonian H  corresponding to this metric equals [12] 
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In (5), we imply real values of . 0f 
 The Dirac equation for stationary states    iEtr , , ,t e r , ,       takes the form: 
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 As we know, Eq. (6) allows for separation of variables, if the bispinor  r , ,     is given 
by 
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and the following equation is used (see e.g. [13]) 
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 In order to receive Eq. (8) we made an equivalent replacement of matrices in Eq. (6): 
 1 3 3 2 2, , 1 .         
In the equalities (7), (8):    are spherical harmonics for spin 1/2, i  are two-
dimensional Pauli matrices, m  is the magnetic quantum number,   is the quantum number of 
the Dirac equation: 
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 3
 In (9) ,j l  are the quantum numbers of the total and orbital momentum of a Dirac 
particle. 
 As a result, we obtain a system of equations for real radial functions    F r ,G r . Let us 
write it in dimensionless variables 0, ,
c c
E r r
m l l
2     . 
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 The range of variation of the variable   for the functions   F ,G    is  2 ,   in 
accordance with the metric (4) and presence of expression 21   in Eqs. (10). 
 Eqs. (10) show that, as in the classical case, quantum mechanics prohibits the presence of 
Dirac particles under the “event horizon”  0r r , i.e. at 2  . 
 In order to construct a numerical solution, let us consider asymptotics of the system (10). 
 For    the leading terms of asymptotics equal 
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In order to provide the finite particle motion, one should use only exponentially vanishing 
solutions (11), i.e. in this case 2 0C  . 
 Since 
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with increase in  , one should use increasingly higher values of   in the numerical solutions of 
the system (10). 
 For ,  02 r r  
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where  and A   are constant values. 
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 The oscillating functions  and G  in F (13) are ill-defined at the “event horizon”, but they 
are quadratically integrable functions at 2   
 In order to find bound states in the system (10), one should define the boundary condition 
for .  02 r r  
 The condition that there should be no particles under the horizon can be implemented if 
we suppose that components of the current density of Dirac particles for  02 r r    are 
equal to zero. 
 For the Schwarzschild metric (4), components 0 3 0rj      , 0 1 0j       
because of representation (7) and form of angle functions    . 
Azimuthal component 
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 The boundary condition  at 0j  2   reduces to the condition 
    
2
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From two possible variants of implementation (15), we will fulfil it using equality 
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2
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Some reason for this is known smallness of function  G   in comparison with function 
 F   in nonrelativistic approximation of Dirac equation. 
Considering (7), (13), the condition (16) turns into 
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 Preliminary numerical simulations of the system (10)2 were done to determine the 
stationary real energy spectrum of a Dirac particle of mass m  in the Schwarzschild field. They 
allow us to draw the following conclusions: 
1. For 1  , the energy spectrum is nearly identical to the hydrogen-like spectrum 
2
21E m  2n
 . n    
2. Numerical relativistic corrections for the values of 0,05;0,1   are close to the 
corrections determined in [7] according to the formula 
                                                 
2 Numerical implementation of the system (10) was provided by M.A. Vronsky. The methods for solving 
the system (10) will be presented in the next paper. 
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A more detailed analysis of the numerical simulations and their results in a wide range of the 
gravitational coupling constant will be presented in the next paper. In our further studies, we are 
also going to present results of numerical simulations which define stationary bound states of 
Dirac particles in the Reissner-Nordström and Kerr fields. 
The major result of this work is that we demonstrated the existence of stationary bound 
states of spin ½ Dirac particles in the Schwarzschild gravitational field when using the self-
conjugate Hamiltonian (5) and boundary conditions (11), (17).  
The results obtained are special in that the wave functions of particles down the horizon 
are equal to zero, and that collapse in its standard understanding is excluded for bound particles. 
Along with this, energy levels at 1   can be fairly deep, so the binding energy can be on the 
order of . The results of this work can lead to revisiting some concepts of the standard 
cosmological model related to the evolution of the universe and interaction of collapsars with 
surrounding matter. 
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